Abstract. Burnside's and Stirling's formulas for factorial N are special cases of a family of formulas with corresponding asymptotic series given by E. W. Barnes in 1899. An operational procedure for obtaining these formulas and series is presented which yields both convergent and divergent series and error estimates in the latter case. Two formulas of this family have superior accuracy and the geometric mean is better than either.
1. Introduction. Burnside's formula for N ! is given by (1) b(N) = (27ry5((N+.5)/e)N+-5.
(1) has a number of advantages relative to the usual Stirling formula (2) s(N) = (2tre)5(N/ef+-5.
Thus if Eb(N) and Es(N) are defined by the equations The computational value of these formulas is based on the associated asymptotic series. The asymptotic series for both b(N) and s(N) are special cases of a family of asymptotic series for AM. The classical textbook procedure for obtaining s(N) is based on Euler-Maclaurin summation. For example, in [5] one has a development explicitly based on the properties of the Bernoulli functions. An alternate procedure is presented here, using "operational" methods which produce both convergent and divergent series and error estimates in the latter case. The family of asymptotic series is known. Thus Eq. (28) of this paper is related to Eq. 12, p. 48 of [2] , by an obvious change of independent variables and an explicit formula for the remainder term. Equation 12 of [2] is ascribed to E. W. Barnes. Burnside [1] , showed that log b(N) is the initial term of a convergent series for log(AM) and Wilton [6] , generalized Burnside's result to nonintegral values.
The formulas s(N) and b(N) avoid certain difficulties which are associated with the iterative computation of A/!, when their accuracy is adequate. There are, however, two formulas, corresponding to members of the above-mentioned family of series, which have superior accuracy, and the geometrical mean is even better. In each of these five formulas only one logarithm and antilogarithm is computed.
The present paper has been revised in accordance with recommendations of the referee.
2. Convergent Series for Factorial N. The Burnside series can be derived as follows. Let (4) f(x) = xlog\x\-x.
For positive integral values of k, consider f(k + h) as a Taylor series at k for h = . 5 and h = -.5. Taking the difference yields 00
Define f by the equation 00 00
To obtain an expression for log AM, (5) can be summed from 2 to N. by summing (9) for x = 2,..., N.
We obtain a solution of (9) by "operational methods." We proceed formally and return to a justification later. In terms of the differential operator, D, (9) can be written
Integration is equivalent to dividing by D, i.e.,
where A is a constant of integration. The operator on the left, when applied to a constant, yields the constant. Thus the constant A can be incorporated into b(x). Then
Let z denote a complex variable. The expansion of the meromorphic function ese z in terms of its poles yields (see [3, For positive x, variation of parameters yields a solution of (17) which goes to zero as x goes to infinity, i.e.,
By changing the variable of integration this can also be expressed as y-OO (19) yn(x) = (l/trn) (sin u/ (u + 2irnx)) du.
Jo
Since any two distinct solutions of (17) must differ by a harmonic oscillation of nonzero amplitude, (19) is the only solution of (17) which goes to zero as x goes to plus infinity. Now one can readily show that for a s* 0
." I oc \ = / sin w 2 V {lk"n + " + <0((2A: + l)ir + u + a)\ du, Jo U=o / and consequently, for x>0,yn(x)>0 and for each x, yn(x) decreases as n increases, and, for each n, y"(x) is a monotonically decreasing function of x for x > 0. Thus the summation in (16) is for each x an alternating series of decreasing terms, and, indeed, one has uniform convergence for x > 0. Since the summation in (16) approaches zero as x -» oo, comparison with Stirling's formula shows that the constant c in (10) has value .5 log 277. If, in (28), we ignore the remainder term and let k = oo, we obtain an expression which corresponds to using (26) as the function of D in (13). This is, of course, a most naive way to solve (11) and yields a divergent series. On the other hand, the properties of R(k, x) yield very useful results since the c¡ can be readily calculated.
The argument, in the paragraph containing (20), is based simply on the fact that sin(« + m) = -sin u and readily generalizes to yield properties of the summation in (23) in place of the summation in (16). In particular, the summation in (23) is always negative, and for k fixed this summation approaches zero as x -» oo. Hence the/(x) terms in (28) yield an asymptotic expression for b(x), and R(k, x) has the sign (-\)k+x. Hence, if one adds a term to the asymptotic expression, the remainder changes sign, i.e., each term overshoots and must be larger than the previous remainder. These are, of course, computationally desirable properties of the asymptotic expression.
4. On Justifying the Formal Procedure. We now return to justifying the formal procedure of Section 2. This can be done by using the Fourier transform to express the operator D on generalized functions, that is, using the methods described in [4] . However, to justify our procedure it is only necessary to show that (9) holds for x = 2,3,... for b given by (16) and (19). We now show that (9) holds for x > .5.
By making the change of variable u = 2mnv and manipulating the limits of integration, we obtain The Fourier transform approach requires that yn(x) be defined for negative x. If one considers integration across a simple pole, as given by the Cauchy limit, then ( 19) yields that for x<0 (32) yn(x) = cos(2mnx)/n -yn(x).
The summation argument of (30) then yields for x < 0 where K3 = 26 X 32 X 5 = 2880, K5 = 27 X 32 X 5 X 7 = 40320, and £7 = 2" X 3 X 5 X 7 = 215040.
The argument used above will also yield other asymptotic series. For example, if we replace (9) by (35) s(x) -s(x -1) = logx, the equivalent of (25) is
and the equivalent of (34) is (37) \ogN\ = f(N) + .5log W + .51og2vr-r-1/12JV -1/360N2 + which is the usual Stirling series for log TV!.
In general, we can replace (9) by (38) g(x + .5 + a) -g(x -.5 + a) = log x.
One expands the function exp(-ax)/2sinh.5x -l/x + a in terms of its poles, and one obtains, corresponding to (15) in the previous argument, x cxp(-ax )/2 sinh .5x 
The equivalent of (16) The asymptotic character and the remainder of (43) is readily obtained by the methods used after (28) above, but the effect of the remainder is more complicated and depends on a.
6. The Formulas. Define for -.5 < a < .5 
